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THREE NOTIONS OF DIMENSION FOR TRIANGULATED
CATEGORIES
ALEXEY ELAGIN AND VALERY A. LUNTS
Abstract. In this note we discuss three notions of dimension for triangulated cate-
gories: Rouquier dimension, diagonal dimension and Serre dimension. We prove some
basic properties of these dimensions, compare them and discuss open problems.
1. Introduction
We discuss three notions of dimension for triangulated categories: Rouquier dimension,
diagonal dimension and Serre dimension. The Rouquier dimension Rdim was defined in
[Ro08], the diagonal dimension Ddim appeared (in the context of algebraic varieties) in
[BF12], and the Serre dimension is a special case of the more general notion of dimension
of a category with respect to an endofunctor, which may be extracted from [DHKK13].
We distinguish between lower Serre dimension, denoted Sdim, and upper Serre dimension,
denoted Sdim. Our main focus is on triangulated categories Perf(A) for a smooth and
compact dg algebra A over a field k. These are categories for which all three dimensions
make sense.
The purpose of this article is to study some basic properties of these dimensions, to
compare them, and to formulate some open problems. We propose the following four test
problems/questions:
(1) Classify categories of dimension zero.
(2) Monotonicity: if Perf(A) is a full subcategory of Perf(B), is dimPerf(A) 6
dimPerf(B)?
(3) Additivity: is dimPerf(A⊗ B) = dimPerf(A) + dimPerf(B)?
(4) Behavior in families: given a family of categories Perf(Ax), x ∈ SpecR, how does
the function dimPerf(Ax) on SpecR behave? Is it semicontinuous?
1) We can completely classify categories with diagonal dimension zero (Proposition 4.6)
or Rouquier dimension zero (by results of Hanihara [Ha18] and Amiot [Am07]). For Serre
dimensions we only have partial results and conjectures (Conjecture 5.12, Example 5.11).
2) Monotonicity holds for the Rouquier and diagonal dimension (Subsection 3.2, Propo-
sition 4.12). Monotonicity does not hold for Serre dimension, see Subsection 5.3. It seems
to be an interesting problem to modify the definition so that Serre dimension would be
monotonous (under certain conditions).
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3) Additivity holds for the Serre dimension (Proposition 5.16) and does not in general
hold for the other two (Example 7.2). For the diagonal dimension we prove the inequal-
ity DdimPerf(A ⊗ B) 6 DdimPerf(A) + DdimPerf(B) (Proposition 4.8, Example 4.11)
and there exist examples with the opposite strict inequality for the Rouquier dimension:
RdimPerf(A⊗ B) > RdimPerf(A) + RdimPerf(B) (Example 7.2).
4) Semicontinuity of the Serre dimension holds when we have a family of algebras, not
just dg algebras (Theorem 5.17). We have no results about the other two dimensions.
But we expect the upper semicontinuity to hold in general for Rouquier and diagonal
dimension.
For a dg algebra A, the Rouquier and diagonal dimensions compare as follows (see
Proposition 4.10)
RdimPerf(A) 6 DdimPerf(A).
Also we make the following
Conjecture 1.1 (=Conjecture 7.3). Let A be a smooth and compact dg algebra over a
field. Suppose SdimPerf(A) = SdimPerf(A). Then
(1.1) RdimPerf(A) 6 SdimPerf(A) 6 DdimPerf(A).
The first inequality in (1.1) would in particular confirm the expectation that for a
smooth projective variety X the Rouquier dimension of the category Db(cohX) is equal
to the dimension of X , see [Or09].
We should note that the Rouquier and diagonal dimensions are by definition nonneg-
ative integers (or +∞). Apriori both Serre dimensions are just real numbers. They do
not have to be an integer (Example 7.2) and can be negative (see Example 5.7 for the
category with Sdim = Sdim < 0 and Example 5.8 of a smooth and compact dg algebra
A with SdimPerf(A) < 0). We do not know of an example with an irrational lower or
upper Serre dimension. For nice categories we expect a reasonable behavior of Sdim and
Sdim:
Conjecture 1.2 (=Conjecture 5.9). Let A be a smooth and compact dg algebra over a
field k. Then SdimPerf(A) and SdimPerf(A) are rational numbers, and SdimPerf(A) is
nonnegative.
This paper has a companion [El], where the three dimensions are computed in many
interesting examples. Therefore we decided to include a minimal number of examples in
the present text.
The structure of the text is the following. Section 2 introduces notation and contains
some well known background material on triangulated categories, enhancements, Krull-
Schmidt categories, etc. In Section 3 we discuss the Rouquier dimension. Section 4
introduces the diagonal dimension. In Section 5 we study the Serre dimension. Section
6 is devoted to the more general notion of a dimension of a category with respect to an
endo-functor which is suggested by [DHKK13]. Finally in Section 7 we try to compare the
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three dimensions and give some examples. Conjectures and open questions are scattered
throughout the text.
We are grateful to Dmitri Orlov for very useful discussions. Examples 5.8 and 5.15 are
due to him.
2. Background material and notation
Here we recall some simple and well known facts about triangulated categories, semi-
orthogonal decompositions, enhancements, Krull-Schmidt categories etc. The general
references on the subject include [BK89],[BK90],[BLL04],[Dr04],[ELO09],[Ke94],[To07].
2.1. Some notation. Usually we work over a field k. All algebras, dg algebras, schemes
are k-algebras, dg k-algebras, k-schemes etc unless stated otherwise. Symbol ⊗ means ⊗k.
Similarly, dim means dimk (dimension of a k-vector space).
For objects X, Y of a triangulated category we use the standard notation
Homi(X, Y ) = Hom(X, Y [i]) and Hom•(X, Y ) := ⊕iHom
i(X, Y ),
the latter is treated as a graded abelian group. For dg modules X, Y over a dg algebra A
we use notation HomA(X, Y ) for the dg k-module of homomorphisms: its i-th component
is the space of homomorphisms X → Y [i] as graded A-modules.
For a Noetherian algebra A we denote by mod−A the abelian category of finitely gen-
erated right A-modules. Note that if A has finite global dimension, then Db(mod−A) ≃
Perf(A).
2.2. Generation of triangulated categories. Let T be a triangulated category and
let A and B be two subsets of objects in T . We denote by A ⋆ B the subset of objects F
of T such that there exists a distinguished triangle
X → F → Y → X [1]
with X ∈ A, Y ∈ B. This operation ⋆ was introduced in [BBD81, p.33], where it was
shown to be associative.
We will be interested in the case when a subset A consists of all objects isomorphic
to a finite direct sum of shifts of a given object E (so in particular A contains the zero
object). We then denote A = [E]0. Define [E]n as the n-fold star product
[E]n := [E]0 ⋆ . . . ⋆ [E]0 (n+ 1 factors).
Finally let 〈E〉n be the full subcategory of T consisting of objects which are direct sum-
mands of objects in [E]n. We also put 〈E〉 := ∪n〈E〉n ⊂ T . It is a full thick triangulated
subcategory of T . (Note that our indexing of the categories 〈E〉n differs by one from that
used in [BVdB03] and [Ro08]. We count the number of cones used.)
Definition 2.1. An object E is called a classical generator of T if T = 〈E〉. It is called
a strong generator if T = 〈E〉n for some n. Saying about generators or generation in this
text we always mean classical generators.
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The notion of a strong generator was introduced in [BVdB03], where it was shown that
the category Db(cohX) has a strong generator if X is a smooth and proper k-scheme.
Remark 2.2. Let T be a triangulated category and let l : T → T ′ be a Verdier localiza-
tion. If E ∈ T is a generator, then l(E) ∈ T ′ is also a generator. Moreover if T = 〈E〉n
for some object E ∈ T , then T ′ = 〈l(E)〉n.
2.3. Enhancements of triangulated categories. It is convenient (and for some pur-
poses necessary) to work with enhancements of triangulated categories. We recall the
definition in [BLL04]. As usual for a dg category A we denote by [A] its homotopy
category [To07].
Definition 2.3. An enhancement of a triangulated category T is a pair (T , φ), where
T is a pre-triangulated dg category and φ : [T ] → T is an equivalence of triangulated
categories.
Remark 2.4. Note that if T is a triangulated category and S ⊂ T is a full triangulated
subcategory, then an enhancement of T induces an enhancement of S. Indeed, if T is
a pre-triangulated category that enhances T take its full dg subcategory S consisting of
objects which are mapped to S by φ. Then S is an enhancement of S.
Let A be a dg algebra. Denote by Mod−A the dg category of right dg A-modules. It
is a pre-triangulated dg category. The localization of the triangulated category [Mod−A]
by the subcategory of acyclic dg modules is the derived category D(A) of A. The full dg
subcategory A−hproj ⊂ Mod−A consisting of h-projective dg modules is an enhancement
of the category D(A), i.e. the natural triangulated functor [A − hproj] → D(A) is an
equivalence.
Recall that triangulated category Perf(A) is defined as the full triangulated subcategory
of D(A) generated by the dg A-module A. It can be intrinsically defined as the category
of compact objects in D(A) [Ke94]. Denote by Perf(A) the full dg category of A−hproj
consisting of objects that belong to Perf(A). Then Perf(A) is an enhancement of Perf(A).
The functor
(−)∨ := RHomA(−, A)
defines an anti-equivalence of Perf(A) and Perf(Aop) such that (−)∨∨ is isomorphic to the
identity functor.
Lemma 2.5. Let M,N ∈ Perf(A). Then there is a quasi-isomorphism of dg Z-modules
M
L
⊗A N
∨ ≃ RHomA(N,M).
Hence an isomorphism of graded abelian groups
H•(M
L
⊗A N
∨) ≃ Hom•Perf(A)(N,M).
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Proof. We may and will assume that M and N are in Perf(A), which allows us to write
⊗A and HomA instead of
L
⊗A and RHomA respectively. Notice that we have a natural
morphism of Z-complexes
M ⊗A HomA(N,A)→ HomA(N,M), m⊗ f → (n 7→ mf(n)).
This morphism is an isomorphism of complexes ifM = A, hence it is a quasi-isomorphism
for all M,N ∈ Perf(A). 
Lemma 2.6. Let T be a pre-triangulated dg category and let E be an object of T . Consider
the full triangulated subcategory 〈E〉 ⊂ [T ] which is generated by E. Denote by 〈E〉T ⊂ T
the full pre-triangulated dg subcategory whose objects belong to 〈E〉 (so that 〈E〉T is an
enhancement of 〈E〉). Let E := EndT (E) be the endomorphism dg algebra of E. Assume
that the category 〈E〉 is Karoubian. Then the natural dg functor
ψE : T →Mod − E , X 7→ HomT (E,X)
maps 〈E〉T to the dg category Perf(E) and is a quasi-equivalence of these categories.
Hence in particular it induces an equivalence of tringulated categories [ψE ] : 〈E〉 → Perf(E).
Proof. The dg functor ψE maps E to E . Hence it maps 〈E〉T to Perf(E). By definition
it induces an isomorphism
Hom•〈E〉(E,E) ≃ Hom
•
Perf(E)(E , E).
Hence [ψE ] is full and faithful. Since both categories 〈E〉 and Perf(E) are Karoubian, it
follows that [ψE ] is also essentially surjective. This implies that ψE : 〈E〉T → Perf(E) is
a quasi-equivalence. 
We obtain an immediate corollary.
Corollary 2.7. Let T be a triangulated category with an enhancement T . Assume that
T is Karoubian and has a generator. Then the dg category T is quasi-equivalent to the
dg category Perf(E) for a dg algebra E . Hence in particular there is an equivalence of
triangulated categories T ≃ Perf(E).
Proof. Indeed, we have 〈E〉 = T in the notation of Lemma 2.6. 
2.4. Triangulated categories of dg modules over dg algebras. Let R be a commu-
tative ring. Here we collect some fact about dg R-algebras, modules over such algebras
and their derived categories. Such a general setting will be needed in Subsection 5.5 and
in Theorem 6.15, for the remaining part of the paper one can assume that R is a field.
Recall that an R-complex F ∈ D(R) is perfect if it is locally on SpecR quasi-isomorphic
to a finite complex of free OSpecR-modules of finite rank. It is known that a perfect R-
complex is quasi-isomoprhic to a strict perfect R-complex, i.e. to a finite complex of
finitely generated projective R-modules [TT90, Theorem 2.4.3]. It follows that a perfect
R-complex which is h-projective, is homotopy equivalent to a strict perfect R-complex.
In this section all dg R-algebras will be assumed to be R-h-projective.
The following definition is due to Kontsevich.
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Definition 2.8. Let A be a (R-h-projective) dg R-algebra. Then
(1) A (homologically) smooth if A ∈ Perf(Aop ⊗R A),
(2) A is compact if it is perfect as an R-complex.
Example 2.9. Suppose R = k is a field. Then any dg R-algebra A is R-h-projective, and
A is compact if and only if dim⊕iH
i(A) <∞.
Example 2.10. Let A be an R-algebra which is a finitely generated projective R-module.
Then A considered as a dg R-algebra is R-h-projective and compact.
Definition 2.11. A family of smooth and compact triangulated categories over SpecR
is by definition the category Perf(A) for a smooth and compact dg R-algebra A.
Lemma 2.12. (1) Let A be an R-h-projective dg R-algebra, then any object in A −
hproj is also R-h-projective. Similarly, any object in (Aop ⊗R A)− hproj is A-h-
projective, Aop-h-projective and R-h-projective.
(2) Assume in addition that A is compact. Then any object in Perf(A) is R-h-
projective and R-perfect, hence is homotopy equivalent, as an R-complex, to a strict
perfect complex. The same is true about R-complexes HomA(M,N),HomR(M,R)
and M ⊗A P for M,N ∈ Perf(A) and P ∈ Perf(A
op).
(3) If A and B are R-h-projective dg R-algebras, then so is A ⊗R B. If R → T is
a homomorphism of commutative rings and A is an R-h-projective dg R-algebra,
then AT := A ⊗R T is a T -h-projective dg T -algebra. If M is an A-h-projective
module then M ⊗R T is an AT -h-projective module.
(4) Let M,N be (Aop⊗RA)-modules. Let R→ T be a homomorphism of commutative
rings. Denote (−)T := (−)
L
⊗R T . Then one has a quasi-isomorphism of (A
op ⊗R
A)T -modules
(M
L
⊗A N)T ≃MT
L
⊗AT NT .
Proof. (1) For the first statement, take anyM ∈ A−hproj, let C be an acyclic R-complex.
We have an isomorphism of dg modules
(2.1) HomR(M,C) ≃ HomA(M,HomR(A,C)).
Since A is R-h-projective, the dg module HomR(A,C) is acyclic. Now since M is A-h-
projective, the right-hand side of (2.1) is an acyclic dg module. ThusM is R-h-projective.
Other statements are proved similarly.
(2) This is clear, as every object in Perf(A) is homotopy equivalent to a direct summand
of a dg A-module that has a finite filtration with subquotients being shifts of A.
(3) Assume that A and B are R-h-projective and let C be an acyclic R-complex. Then
we have an isomorphism of R-complexes
HomR(A⊗R B,C) = HomR(A,HomR(B,C)),
where the complex HomR(B,C) is acyclic (asB isR-h-projective), hence also HomR(A,HomR(B,C))
is acyclic (as A is R-h-projective).
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To prove the second statement letD be an acyclic T -complex. Then HomT (A⊗RT,D) =
HomR(A,D) and the second complex is acyclic, because A is R-h-projective.
For the last assertion, take any acyclic AT -module C. Then there is an isomorphism
HomAT (M⊗RT, C) ≃ HomA(M,C) of complexes. The second complex is acyclic, because
M is A-h-projective.
(4) Replacing M and N by quasi-isomorphic bimodules we may assume that M,N ∈
(Aop ⊗R A) − hproj. Then by (1) M,N are also h-projective as A
op, A and R-modules.
Therefore MT = M ⊗R T and NT = N ⊗R T . By (3), MT is AT -h-projective, thus
MT
L
⊗AT NT = (M ⊗R T )⊗AT (N ⊗R T ). We have M
L
⊗A N = M ⊗A N , moreover, this
module is R-h-projective. Hence (M
L
⊗A N)T = (M ⊗A N) ⊗R T . Now the statement
follows from the standard isomorphism
(M ⊗A N)⊗R T ≃ (M ⊗R T )⊗A⊗RT (N ⊗R T )
of AT -bimodules. 
Definition 2.13. Dg R-algebras A and B (which are R-h-projective) are Morita equiva-
lent if there exists K ∈ D(Aop ⊗R B) such that the functor
ΦK : D(A)→ D(B), M 7→M
L
⊗A K
is an equivalence.
Remark 2.14. In the above definition the functor ΦK restricts to an equivalence between
Perf(A) and Perf(B) (because Perf(A) is the subcategory of compact objects in D(A)).
In particular, M ⊗A K ∈ Perf(B) for any M ∈ Perf(A).
Remark 2.15. Morita equivalence is indeed an equivalence relation on the collection of
(R-h-projective) dg R-algebras. Indeed, it is clearly reflexive and transitive. It is also
symmetric, as the inverse of the equivalence ΦK : D(A) → D(B) is given by the functor
ΦKt : D(B)→ D(A), where K
t := RHomB(K,B) ∈ D(B
op ⊗ A) (see Lemma 2.18).
Remark 2.16. Dg algebras A and B are Morita equivalent if, for example, they are
quasi-isomorphic or, more generally, if the dg categories Perf(A) and Perf(B) are quasi-
equivalent, see [Ke94].
Let us recall some (surely well known) facts about smooth and compact dg R-algebras
and the corresponding categories Perf(A).
Lemma 2.17. (1) Let A and B be smooth (R-h-projective) dg R-algebras. Then the
dg R-algebras A⊗R B and A
op are also smooth.
(2) If A is a smooth dg R-algebra and R → T is a homomorphism of commutative
rings, then A
L
⊗R T is a smooth dg T -algebra. Also compactness of a dg algebra is
preserved under extension of scalars.
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Proof. (1) The bifunctor
L
⊗R : D(A
op ⊗R A)×D(B
op ⊗R B)→ D((A⊗R B)
op ⊗R A⊗R B)
maps Perf(Aop⊗RA)×Perf(B
op⊗RB)→ Perf((A⊗RB)
op⊗RA⊗RB) and sends the pair
of diagonal bimodules (A,B) to the diagonal bimodule A⊗R B. It follows that A ⊗R B
is smooth.
To see that Aop is smooth, notice the natural isomorphism of dg algebras
Aop ⊗R A ≃ A⊗R A
op, a⊗ b 7→ b⊗ a.
It induces an equivalence of derived categoriesD(Aop⊗RA) ≃ D(A⊗RA
op) which preserves
perfect dg modules and diagonal bimodules.
(2) This is [LS14, Thm. 3.30]. 
Lemma 2.18. Let A and B be R-h-projective dg R-algebras and let K ∈ D(Aop ⊗R B)
be an h-projective dg (Aop ⊗R B)-module. Then the following holds.
(1) K is h-projective as a dg Aop- or B-module.
(2) The functor
ΦK : D(A)→ D(B), M 7→M
L
⊗A K = M ⊗A K
has the right adjoint
ΨK : D(B)→ D(A), N 7→ RHomB(K,N) = HomB(K,N).
Let α : IdD(A) → ΨK ·ΦK and β : ΦK ·ΨK → IdD(B) be the adjunction morphisms.
Then α(A) : A → HomB(K,K) is a morphism of dg A
op ⊗R A-modules (not just
dg A-modules) and β(B) : HomB(K,B)⊗AK → B is a morphism of dg B
op⊗RB-
modules (not just dg B-modules).
(3) Assume that K is perfect as a dg B-module. Then
(a) The functor ΦK (and ΨK) is an equivalence if and only if the morphisms of
dg bimodules α(A) and β(B) are quasi-isomorphisms. If it is the case, ΨK is
the inverse to ΦK .
(b) The functor ΨK is isomorphic to the functor
ΦKt : D(B)→ D(A) , N 7→ N
L
⊗B K
t,
where Kt := HomB(K,B).
(c) Let R → T be a homomorphism of commutative rings. Put (−)T := (−)
L
⊗R
T . Then the dg BopT ⊗ AT -modules (K
t)T and (KT )
t are quasi-isomorphic.
(d) If ΦK is an equivalence, so is ΦKT .
(4) Assume that ΦK is an equivalence. Then
Φop
Kt
= Kt ⊗A (−) : D(A
op)→ D(Bop)
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is also the equivalence. Moreover, the functor
(2.2) ΦKt⊠K : D(A
op ⊗R A)→ D(B
op ⊗R B), S 7→ K
t
L
⊗A S
L
⊗A K
is an equivalence which preserves the diagonal bimodules and the subcategories
Perf.
(5) If A and B are Morita equivalent, then A is smooth if and only if B is smooth.
Proof. (1) Let C be an acyclic dg B-module. Then we have a natural isomorphism of
R-complexes
HomB(K,C) = HomAop⊗RB(K,HomB(A⊗R B,C)) = HomAop⊗RB(K,HomR(A,C)),
and the latter complex is acyclic, since A is R-h-projective and K is Aop⊗RB-projective.
Similarly one proves that K is h-projective as a dg Aop-module.
(2) The adjunction statement follows from the functorial isomorphism of complexes
HomB(M ⊗A K,N) ≃ HomA(M,HomB(K,N)).
The last assertions follows from the explicit formulas for the maps α(A) and β(B):
α(A) : A→ Hom(K,K), a 7→ a·idK , and β(B) : HomB(K,B)⊗AK → B, f⊗k 7→ f(k).
(3) a) The “only if” direction is clear. Assume that α(A) and β(B) are quasi-isomorphisms.
Notice that the functor ΦK preserves direct sums and the functor ΨK preserves direct
sums, since KB is perfect. It follows that morphisms of functors α and β are isomor-
phisms on triangulated subcategories which contain A and B respectively and are closed
under arbitrary direct sums. But then they are isomorphisms on the whole categories
D(A) and D(B).
b) Let N ∈ B − hproj. Consider the morphism of functors γ : ΦKt → ΨK
γ(N) : N ⊗B HomB(K,B)→ HomB(K,N), n⊗ f → (k 7→ nf(k)).
Then γ(B) is an isomorphism of complexes. Also both functors ΦKt and ΨK preserve
direct sums. It follows that γ is an isomorphism as in the proof of a) above.
c) It suffices to prove that the dg BopT ⊗TAT -modules HomB(K,B)T and HomBT (KT , BT )
are quasi-isomorphic. We have the natural morphism of dg BopT ⊗T AT -modules
δ : HomB(K,B)T → HomBT (KT , BT ), f ⊗ t→ (k ⊗ t
′ 7→ f(k)tt′).
This map is an isomorphism (of dg BopT -modules) if K = B. Hence it is a quasi-
isomorphism for all K which are perfect as dg B-modules.
d) By part (3) a) we know that ΦK is an equivalence if and only if the natural morphisms
α(A) : A→ HomB(K,K), and β(B) : HomB(K,B)⊗A K → B
are quasi-isomorphisms. So let us assume that these are quasi-isomorphisms.
By Lemma 2.12 the R-complexes HomB(K,K) and HomB(K,B) are R-h-projective.
(Indeed, A and B are R-h-projective, K is a perfect dg B-module which is also B-h-
projective by part (1); hence K is R-h-projective). Since K is h-projective as a dg Aop-
module (by part (1)), it follows that the R-complex HomB(K,B)⊗AK is also h-projective.
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Therefore the morphisms
(2.3) α(A)T : AT → HomB(K,K)T , and β(B)T : (HomB(K,B)⊗A K)T → BT
are also quasi-isomorphisms. Notice that the corresponding morphisms
α(AT ) : AT → HomBT (KT , KT ), and β(BT ) : HomBT (KT , BT )⊗AT KT → BT
satisfy α(A)T = φ(K) · α(A)T and β(B)T · ψ(K) = β(B)T where φ(K) and ψ(K) are the
obvious maps
(2.4) φ(K) : HomB(K,K)T → HomBT (KT , KT )
and
(2.5) ψ(K) : (HomB(K,B)⊗A K)T → HomBT (KT , BT )⊗AT KT .
One shows that φ(K) and ψ(K) are quasi-isomorphisms as in the proof of part c) above.
This implies that α(AT ) and β(BT ) are quasi-isomorphisms, i.e. ΦKT is an equivalence.
(4) Let ΦK be an equivalence. The ΦK(A) = K ∈ Perf(B). Hence ΨK ≃ ΦKt by (3)
b). By (3) a) the adjunction morphisms
(2.6) α(A) : A→ K ⊗B K
t and β(B) : Kt ⊗A K → B
are quasi-isomorphisms. Note that (Kt)t = K and Kt ∈ Perf(Bop), hence the same
conditions (2.6) imply that the functor Φop
Kt
= Kt ⊗A (−) : Perf(A
op) → Perf(Bop) is an
equivalence by (3) a).
To prove that ΦKt⊠K is an equivalence, note that K
t ⊠K ∈ Perf(Bop ⊗R B) and use
(2) and (3) a),b). The right adjoint to ΦKt⊠K is ΦK⊠Kt. It suffices to check that the
homomorphism
α(A⊗RA) : A⊗RA→ ΦK⊠KtΦKt⊠K(A⊗RA) = ΦK⊠Kt(K
t⊠K) = (K⊗BK
t)⊠(K⊗BK
t)
is a quasi-isomorphism, and similarly for β. But this is true since α(A⊗RA) = α(A)⊠α(A)
and α(A) is a quasi-isomorphism of R-h-projective modules. Finally, by (2) and quasi-
isomorphisms (2.6) the functor ΦKt⊠K preserves diagonal bimodules.
(5) This follows from (4). 
If a dg R-algebra A is compact by Lemma 2.12 we obtain a dg bi-functor
HomA(−,−) : Perf(A)
op × Perf(A)→ Perf(R)
which induces a bi-triangulated functor
RHomA(−,−) : Perf(A)
op × Perf(A)→ Perf(R).
Denote by (−)∗ the anti-involution Perf(R)op
∼
→ Perf(R), where P ∗ = RHomR(P,R).
Proposition 2.19. Let A be a (R-h-projective) smooth and compact dg R-algebra.
(1) A dg A-module M is perfect if and only if it is perfect as an R-complex.
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(2) The category Perf(A) has a Serre functor. That is there exists a triangulated
auto-equivalence S : Perf(A) → Perf(A) and an isomorphism of functors from
Perf(A)op × Perf(A)→ Perf(R)
RHomA(M,N)
∗ ≃ RHomA(N, S(M)).
Moreover the functor S is isomorphic to (−)
L
⊗A A
∗, where A∗ := HomR(A,R) ∈
D(Aop⊗A). The dg Aop⊗RA-module A
∗ is perfect. We call it the Serre bimodule.
(3) The Serre bimodule and the Serre functor are preserved by extension of scalars.
That is if R → T is a homomorphism of commutative rings and AT = A ⊗R T
then there is a quasi-isomorphism of dg AT -bimodules (AT )
∗ ≃ (A∗)
L
⊗R T .
Now assume that the ring R is Noetherian.
(4) For any M,N ∈ Perf(A) the R-module Hom•Perf(A)(M,N) is finitely generated.
(5) Let mod-R denote the abelian category of finitely generated R-modules. Then any
cohomological functor F : Perf(A)op → mod-R is representable. That is there
exists MF ∈ Perf(A) and an isomorphism of functors F (−) ≃ HomPerf(A)(−,MF ).
Proof. (1) It is clear that a perfect dg A-module is also perfect as an R-complex (Lemma
2.12 (2)). Vice versa, let M be a dg A-module which is perfect as an R-complex. The
functor
(−)⊗A A : Perf(A)→ Perf(A)
is isomorphic to the identity functor. But A is a perfect dg Aop ⊗R A-module, hence it
suffices to show that M ⊗A (A
op ⊗R A) is a perfect dg A-module. We have
M ⊗A (A
op ⊗R A) = M ⊗R A
which is in Perf(A) since M ∈ Perf(R).
(2) Our proof is an adaptation of the corresponding proof in [Sh] for the case R = k. Let
M,N ∈ Perf(A). We need to show the existence of a functorial isomorphism in Perf(R):
(2.7) RHomA(M,N)
∗ ≃ RHomA(N,M
L
⊗A A
∗).
This follows from the sequence of functorial isomorphisms of R-complexes for M,N ∈
Perf(A):
(2.8)
HomR(HomA(M,N), R) = HomR(N ⊗A HomA(M,A), R)
= HomA(N,HomR(HomA(M,A), R))
= HomA(N,M ⊗A HomR(A,R)).
To see that A∗ ∈ Perf(Aop ⊗R A) we may use the fact that A
∗ ∈ Perf(R) (Lemma 2.12),
part (1) in this proposition and Proposition 2.17(1).
(3) By Lemma 2.12 the R-complex A∗ is h-projective, hence
A∗
L
⊗R T = A
∗ ⊗R T = HomR(A,R)⊗R T.
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For the same reason we have
(AT )
∗ = HomT (A⊗R T, T ).
Now the statement follows from the isomorphism of dg AT -modules
α : HomR(A,R)⊗R T → HomT (A⊗R T, T ), α(f ⊗ t)(a⊗ t
′) = f(a)tt′.
(4) It suffices to note that Hom•Perf(A)(A,A) = ⊕iH
i(A) is a finitely generated R-module,
since A is assumed to be a perfect R-complex.
(5) This follows from (4) and [Ro08, Cor. 4.17], which is a direct generalization of the
corresponding theorem [BVdB03, Thm 1.3] treating the case when R is field. 
2.5. Semi-orthogonal decompositions. Let T be a triangulated category. Recall that
two full triangulated subcategories T1, T2 ⊂ T form a semi-orthogonal decomposition
T = 〈T1, T2〉, if Hom(T2, T1) = 0 and for every object X ∈ T there exists a distinguished
triangle in T :
X2 → X → X1 → X2[1]
with Xi ∈ Ti. One can show that for each X the triangle as above is unique up to an
isomorphism and the association X 7→ X1 (resp. X 7→ X2) induces a triangulated functor
p1 : T → T1 (resp. p2 : T → T2) which is the left (resp. right) adjoint to the natural
embedding T1 →֒ T (resp. T2 →֒ T ). The functors pi are Verdier localizations.
Corollary 2.20. Let T be a triangulated category with a semi-orthogonal decomposition
T = 〈T1, T2〉. If E ∈ T is a generator, then Ei = pi(E) is a generator of Ti for i = 1, 2.
Moreover, if 〈E〉n = T , then similarly 〈Ei〉n = Ti, i = 1, 2. Vice versa, if Ei is a generator
for Ti, i = 1, 2, then E1 ⊕ E2 is a generator for T .
Proof. Indeed, since the functors pi are Verdier localizations the first assertion follows
from Remark 2.2. The last assertion follows from the definition of a semi-orthogonal
decomposition. 
Lemma 2.21. Let k be a field. Let C be a dg k-algebra and let Perf(C) = 〈T1, T2〉 be
a semi-orthogonal decomposition. Let T1, T2 ⊂ Perf(C) be the induced enhancements of
T1 and T2 respectively (see Remark 2.4). Then there exist dg algebras A and B and a dg
Bop ⊗k A-module M such that
(1) the dg algebra C is Morita equivalent to the triangular dg algebra
C˜ =
(
B M
0 A
)
;
(2) there are quasi-equivalences of pre-triangulated categories T1 ≃ Perf(A) and T2 ≃
Perf(B); hence in particular one has natural equivalences of triangulated cate-
gories T1 ≃ Perf(A) and T2 ≃ Perf(B).
Proof. Choose h-projective generators E1 and E2 of T1 and T2 respectively. Then by
Corollary 2.20 E := E1 ⊕ E2 is a generator for Perf C. By Lemma 2.6 the dg cate-
gory Perf(C) is quasi-equivalent to the dg category Perf(E) where E is the dg algebra
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EndPerf(C)(E). Hence the dg algebras C and E are Morita equivalent (Remark 2.16). If
A = EndT1(E1), B = EndT2(E2) then the dg algebra E has the matrix form(
B BMA
ANB A
)
,
where M = HomPerf(C)(E1, E2) and N = HomPerf(C)(E2, E1). By the assumption the
complex N is acyclic. Hence the dg algebra E is quasi-isomorphic to its dg subalgebra
C˜ =
(
B M
0 A
)
.
Thus in particular E and C˜ are Morita equivalent (Remark 2.16). Therefore the dg algebra
C is Morita equivalent to the dg algebra C˜, which proves the first assertion. The second
one follows again from Lemma 2.6. 
2.6. Krull-Schmidt categories. For basic facts about Krull-Schmidt categories we refer
to [Ri84, (2.2)]. Recall that an additive category is called Krull-Schmidt if every object
decomposes into a finite direct sum of indecomposable objects and endomorphism rings
of indecomposable rings are local. In a Krull-Schmidt category a decomposition into
indecomposable summands is unique up to isomorphisms of summands. It is known that
any k-linear idempotent complete category with finite dimensional Hom-spaces is Krull-
Schmidt. In particular, we have the following. Let A be a compact dg algebra over a
field. Then the category Perf(A) is Krull-Schmidt.
3. Rouquier dimension
Let T be a triangulated category.
Following [Ro08] we make the following definition.
Definition 3.1. Let n be the least integer such that there exists an object E in T with
T = 〈E〉n. Then we say that the Rouquier dimension of T , denoted RdimT , is n. If no
such n exists, then the Rouquier dimension is ∞. Thus RdimT <∞ if and only if T has
a strong generator.
The following results were proved in [Ro08] (7.9, 7.16, 7.17, 7.25, 7.37, 7.38).
Theorem 3.2. (1) Let X be a separated scheme of finite type over a perfect field.
Then the category Db(cohX) has finite Rouquier dimension.
(2) Let X be a reduced separated scheme of finite type over a field. Then RdimDb(cohX) >
dimX.
(3) Let X be a smooth affine scheme over a field. Then RdimDb(cohX) = dimX.
(4) Let X be a smooth quasi-projective scheme over a field. Then RdimDb(cohX) 6
2 dimX.
(5) Let A be an Artinian ring. Then RdimDb(A-mod) is bounded above by the Loewy
length of A, i.e. by the minimal d such that (rad(A))d+1 = 0.
(6) Let A be a Noetherian ring. Then RdimPerf(A) <∞ if and only if gldimA <∞.
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The next proposition should be known to experts, but we did not find a reference.
Proposition 3.3. Let A be a Noetherian ring of global dimension n. Then
RdimPerf(A) 6 n.
Proof. We claim that Perf(A) = 〈A〉n. Let C• be a bounded complex of finitely generated
A-modules. Take its Cartan-Eilenberg resolution K••. It is a bounded bicomplex of
projective finitely generated A-modules having the following properties:
(1) total complex Tot(K••) is a projective resolution of C•.
(2) horizontal differentials are split homomorphisms;
(3) number of rows in K•• is 6 n+ 1.
Clearly, C is obtained from rows of K by n cones. On the other hand, any row of K is
homotopy equivalent to the direct sum of its cohomology modules, which are projective
finitely generated modules. Hence every row of K belongs to 〈A〉0. 
It follows from Theorem 3.2 that for X smooth and quasi-projective over a field the
following holds:
dimX 6 RdimDb(cohX) 6 2 dimX.
Rouquier remarks that in all cases where RdimDb(cohX) can be computed exactly, one
actually has RdimDb(cohX) = dimX . In [Or09] Orlov conjectures that this equality
holds for every smooth quasi-projective variety X . He also proves the following
Theorem 3.4. Let X be a smooth projective curve over a field. Then RdimDb(cohX) =
1.
3.1. Rdim = 0.
Lemma 3.5. Assume that T is a triangulated Krull-Schmidt category. For example T can
be Perf(A) for a compact dg algebra A over a field (see Subsection 2.6). Then RdimT = 0
if and only if T contains only finitely many indecomposables up to an isomorphism and a
shift.
Proof. Let E1, . . . , Et be all indecomposables (up to isomorphism and shift) in T . Put
E = ⊕Ei. Then T = 〈E〉0. Vice versa, let E ∈ T be such that 〈E〉0 = T . Let E = ⊕Ei be
the (finite) decomposition of E into indecomposables. Then clearly {Ei} is the complete
list of indecomposables in T up to an isomorphism and shift. 
Example 3.6. Assume that k is an algebraically closed field. Let Q be a finite quiver and
A = k[Q] be its path algebra. Then the category Db(mod-A) = Perf(A) has Rouquier
dimension equal to zero if and only if Q is a Dynkin quiver of A-D-E type. Indeed,
by a theorem of Gabriel [Ga73] the abelian category mod-A contains only finitely many
indecomposables (up to isomorphism) if and only if Q is a Dynkin quiver of A-D-E type.
Notice that the algebra A has global dimension 1 and so any complex in Db(mod-A)
is a direct sum of its cohomology. So the category Db(mod-A) contains finitely many
indecomposables (up to isomorphism and shift) if and only if Q is a Dynkin quiver of
A-D-E type. It remains to apply Lemma 3.5.
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Essentially, the above example is the only possible example of a category with Rouquier
dimension zero. One has the following result by N.Hanihara [Ha18, Theorems 1.3, 1.4],
see also Amiot’s work [Am07].
Theorem 3.7. Let T ≃ Perf(A) for a compact dg algebra A over an algebraically closed
field. Suppose RdimT = 0. Then T ≃ Db(mod- k[Q]), where Q is a finite disjoint union
of quivers of A-D-E type.
Remark 3.8. The cited result uses that T has infinitely many isomorphism classes of
indecomposable objects. In our case this condition is satisfied because all shifts E[i], i ∈
Z of a single indecomposable object E are non-isomorphic (since Hom•(E,E) is finite-
dimensional).
3.2. Monotonicity. Let T be a triangulated category and let l : T → T ′ be its Verdier
localization. Then RdimT > RdimT ′. Indeed, the functor l is essentially surjective,
hence if T = 〈E〉n for an object E ∈ T , then T
′ = 〈l(E)〉n.
If T ′ is a semi-orthogonal component of T , then the inclusion functor T ′ →֒ T has an
adjoint T → T ′ which is a localization. Hence RdimT > RdimT ′.
3.3. Additivity. Assume that A and B are dg algebras over a field. Consider the tri-
angulated categories Perf(A), Perf(B) and Perf(A⊗ B). Then the sum RdimPerf(A) +
RdimPerf(B) may not be equal to RdimPerf(A ⊗ B), see Example 7.2. However, we
don’t know of an example where RdimPerf(A⊗ B) < RdimPerf(A) + RdimPerf(B).
3.4. Behavior in families. We expect that the Rouquier dimension is upper semi-
continuous. Namely, let R be a commutative Noetherian ring and let A be a smooth
and compact dg R-algebra. For x ∈ SpecR, denote by Ax the dg k(x)-algebra A
L
⊗R
k(x), where k(x) is the residue field of the point x. Then the function RdimPerf(Ax),
x ∈ SpecR, should be upper semi-continuous on SpecR.
4. Diagonal dimension
We consider triangulated categories of the form Perf(A), where A is a dg k-algebra.
Consider the bifunctor
⊠ : Perf(Aop)× Perf(A)→ Perf(Aop ⊗ A).
Definition 4.1. Define the diagonal dimension of the category Perf(A) as the minimal
n ∈ Z>0 for which there exist objects F ∈ Perf(A
op) and G ∈ Perf(A) such that the
diagonal dg Aop⊗A-module A ∈ 〈F⊠G〉n ⊂ Perf(A
op⊗A). If no such n exists then we say
that the diagonal dimension is ∞. We denote the diagonal dimension by DdimPerf(A).
Note that the diagonal dimension of Perf(A) is finite if and only if A is smooth.
Remark 4.2. We show below that the diagonal dimension of the category Perf(A) is
a Morita invariant of the dg algebra A. But we don’t know if it is an invariant of the
triangulated category Perf(A).
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Proposition 4.3. Let A and B be Morita equivalent dg algebras. Then
DdimPerf(A) = DdimPerf(B).
Proof. This follows from Lemma 2.18. Indeed, let ΦK : D(A)→ D(B) be an equivalence.
Then by Lemma 2.18(4) the functor ΦKt⊠K : D(A
op⊗A)→ D(Bop⊗B) is an equivalence
which preserves the diagonal bimodule. Assume that A ∈ 〈F ⊠ G〉n for some F ∈
Perf(Aop),G ∈ Perf(A) and n. By Lemma 2.18(4) we have
B = ΦKt⊠K(A) ∈ 〈(K
t ⊗A F )⊠ (G⊗A K)〉n.
Note that Kt ⊗A F ∈ Perf(B
op) and G ⊗A K ∈ Perf(B) because functors Φ
op
Kt
and ΦK
restrict to equivalences on subcategories Perf. Hence, DdimPerf(B) 6 DdimPerf(A), the
opposite inequality is proved similarly. 
We make the following
Remark 4.4. Let A be a dg algebra, assume that A ∈ 〈F ⊠G〉n for some F ∈ Perf(A
op),
G ∈ Perf(A). Then for any object M ∈ Perf(Aop ⊗ A) one has M ∈ 〈F ′ ⊠G′〉n for some
F ′ ∈ Perf(Aop), G′ ∈ Perf(A).
Indeed, for some B ∈ Perf(Aop ⊗A) we have A⊕B ∈ [F ⊠G]n. Tensoring with M we
get
M ⊕ (M
L
⊗A B) ∈ [(M
L
⊗A F )⊠G]n,
hence one can take F ′ =M
L
⊗A F ∈ Perf(A
op) and G′ = G.
4.1. Compatibility with the geometric definition. In the geometric context the no-
tion of the diagonal dimension was introduced in [BF12, Definition 2.15]. Namely, for a
smooth projective variety X the authors define the diagonal dimension DdimDb(cohX)
of the derived category Db(cohX) to be the least integer n such that there exist F,G ∈
Db(cohX) so that O∆ ∈ 〈F ⊠ G〉n, where O∆ is the structure sheaf of the diagonal on
X ×X .
The triangulated category Db(cohX) has an enhancement and is equivalent to the
category Perf(A) for a (smooth and compact) dg algebra A. In fact any two enhance-
ments of Db(cohX) are quasi-equivalent, see [LO10]. So we may compare the number
DdimDb(cohX) with DdimPerf(A) as in Definition 4.1. We claim that the two notions
of the diagonal dimension agree.
Lemma 4.5. In the notation above DdimDb(cohX) = DdimPerf(A).
Proof. In [LS16, Thm. 1.1, Sect. 4.4] there were constructed equivalences Db(cohX) ≃
Perf(A), Db(cohX) ≃ Perf(Aop) and θ : Db(coh(X × X))
∼
→ Perf(Aop ⊗ A) which are
compatible with the box-product ⊠ and such that θ maps the structure sheaf of the
diagonal to the diagonal dg bimodule A. This implies the assertion of the lemma. 
THREE NOTIONS OF DIMENSION FOR TRIANGULATED CATEGORIES 17
4.2. Ddim = 0.
Proposition 4.6. Let A be smooth and compact dg algebra over a field k. Assume that
DdimPerf(A) = 0. Then A is Morita equivalent to the product D1× . . .×Ds, where each
Di is a finite dimensional division k-algebra (concentrated in degree zero).
Proof. Assume that the diagonal bimodule A is isomorphic in Perf(Aop ⊗ A) to a direct
sum A = T1 ⊕ T2 for some T1, T2 ∈ Perf(A
op ⊗ A). Then for every M ∈ Perf(A) we have
(4.1) M ≃ (M
L
⊗A T1)⊕ (M
L
⊗A T2).
Denote by A1 (resp. A2) the full subcategory in Perf(A) of such objects M that M
L
⊗A
T2 = 0 (resp. M
L
⊗A T1 = 0). Clearly, A1,A2 ⊂ Perf(A) are triangulated subcategories.
Assume that M ∈ A1 and N ∈ A2. Then Hom
•(M,N) = Hom•(N,M) = 0. Indeed, if
f ∈ Hom(M,N [i]), then f
L
⊗A T1 = 0 = f
L
⊗A T2, hence f = 0. If M ∈ Perf(A) is an
indecomposable object then by (4.1) either M ∈ A1 or M ∈ A2. Recall that the category
Perf(A) is Krull-Schmidt (see Subsection 2.6), it follows that for any object M ∈ Perf(A)
we have a decomposition M ≃ M1 ⊕M2 where M1 ∈ A1,M2 ∈ A2. Therefore, one has
an orthogonal decomposition Perf(A) = A1 × A2. By Lemma 2.21 the dg algebra A is
Morita equivalent to a product of dg algebras A1 × A2 and by Proposition 4.12 we have
DdimPerf(Ai) = 0, i = 0, 1. So we may and will assume that the diagonal bimodule A is
indecomposable in Perf(Aop ⊗ A).
By assumption A ⊕ T ≃ F ⊠ G for some T ∈ Perf(Aop ⊗ A), F ∈ Perf(Aop) and
G ∈ Perf(A). It follows that any M ∈ Perf(A) is a direct summand of (M
L
⊗A F )⊗k G.
Because the bimodule A is indecomposable and the category Perf(Aop ⊗ A) is Krull-
Schmidt, we may and will assume that G is indecomposable. Now by Krull-Schmidt
property of Perf(A) we get that Perf(A) = [G]0. It remains to apply the following
lemma. 
Lemma 4.7. Let A be a compact dg k-algebra such that Perf(A) = [G]0 for some G ∈
Perf(A). Then A is Morita equivalent to a finite dimensional division k-algebra.
Proof. Since G is a generator of Perf(A), the dg algebra A is Morita equivalent to the
endomorphism dg algebra of G (Corollary 2.7). Hence we may and will assume that
G = A. It suffices to prove that H i(A) = 0 if i 6= 0 and that H0(A) is a division algebra.
Choose 0 6= f ∈ H i(A) and consider it as a morphism f : A → A[i]. The cone of f
is a direct sum of shifts of A. Assuming that f is not an isomorphism in Perf(A) (i.e.
f : H(A)→ H(A) is not an isomorphism) by considering the dimension of the cohomology
we conclude that Cone(f) = A[j] for some j. Moreover, i could be only 0 or 1.
Assume that i = 0. Then by degree considerations we have Cone(f) ≃ A or Cone(f) ≃
A[1]. If Cone(f) ≃ A, then the multiplication map f : H0(A)→ H0(A) is an isomorphism,
i.e. f is a unit inH(A), hence f : A→ A is an isomorphism in Perf(A). If Cone(f) ≃ A[1],
then f : H0(A)→ H0(A) is the zero map, i.e. f = 0 ∈ H0(A).
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Assume that i = 1. Then Cone(f) ≃ A[1] and we have the exact triangle
A
f
→ A[1]→ A[1].
As was shown above, the second map is either zero or an isomorphism. In each case we
obtain a contradiction with our assumptions. 
4.3. Additivity.
Proposition 4.8. Let A and B be dg algebras. Then
DdimPerf(A⊗ B) 6 DdimPerf(A) + DdimPerf(B).
Proof. We may assume that the diagonal dimensions of Perf(A) and Perf(B) are finite.
So there exist F ∈ Perf(A), G ∈ Perf(Aop), F ′ ∈ Perf(B), G′ ∈ Perf(Bop) such that
A ∈ 〈G⊗ F 〉n and B ∈ 〈G
′ ⊗ F ′〉m. We claim that in this case
A⊗B ∈ 〈G⊗F ⊗G′⊗F ′〉n+m ⊂ Perf(A
op⊗A⊗Bop⊗B) = Perf((A⊗B)op⊗ (A⊗B)).
This follows from the simple general lemma.
Lemma 4.9. Let C and D be dg algebras, K ∈ Perf(C), L ∈ Perf(D). Then for any n
and m we have the following inclusion of subsets of objects in Perf(C ⊗D):
〈K〉n ⊗ 〈L〉m ⊂ 〈K ⊗ L〉n+m.
Proof. It suffices to prove the inclusion
[K]n ⊗ [L]m ⊂ [K ⊗ L]n+m.
Let P ∈ [K]n. Replacing P by an isomorphic object if necessary we may assume that there
exists a filtration P = Pn ⊃ Pn−1 ⊃ . . . ⊃ P0 by dg submodules and a collection of objects
Q0, . . . , Qn ∈ [K]0 such that P0 = Q0 and for each i > 0, Pi = Cone(Qi[−1]
fi
→ Pi−1) for
a (closed degree zero) morphism fi. (Hence the quotient dg module Pi/Pi−1 is isomorphic
to Qi). Similarly every object in [L]m has an isomorphic object P
′ with a filtration
P ′ = P ′m ⊃ P
′
n−1 ⊃ . . . ⊃ P
′
0 such that there exist objects Q
′
0, . . . , Q
′
m ∈ [L]0 and
isomorphisms P ′0 = Q
′
0 and P
′
i = Cone(Q
′
i[−1]
f ′i→ P ′i−1).
Then the object S := P ⊗ P ′ has the filtration S = Sn+m ⊃ . . . ⊃ S0, where Sa :=∑
i+j6a Pi ⊗ P
′
j. Moreover, for each a > 0 the dg module Sa/Sa−1 is isomorphic to
the direct sum
⊕
i+j=aQi ⊗ Q
′
j. Hence Sa is isomorphic to the cone of a morphism
ga :
⊕
i+j=aQi ⊗ Q
′
j [−1] → Sa−1. It follows that Sa ∈ [K ⊗ L]a, in particular S ∈
[K ⊗ L]n+m. This proves the lemma. 
The proposition now follows if we take C = Aop ⊗ A, D = Bop ⊗ B, K = G ⊗ F ,
L = G′ ⊗ F ′. 
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4.4. Ddim > Rdim.
Proposition 4.10. Let A be a dg algebra. Then
RdimPerf(A) 6 DdimPerf(A).
Proof. We may assume that DdimPerf(A) = n <∞. Let F ∈ Perf(Aop) and G ∈ Perf(A)
be such that A ∈ 〈F ⊠G〉n, i.e. there exists M ∈ Perf(A
op ⊗ A) such that
(4.2) A⊕M ∈ [F ⊠G]n.
Consider the functor
ΦA⊕M : D(A)→ D(A), N 7→ N
L
⊗A (A⊕M) ≃ N ⊕ (N
L
⊗A M).
Then (4.2) implies that every N ∈ D(A) is contained in the subcategory 〈G〉⊕n , where the
category 〈G〉⊕n is defined the same way as 〈G〉n but using arbitrary direct sums instead of
finite ones. It follows from [BVdB03, Prop. 2.2.4] that if N ∈ Perf(A)(= D(A)c) belongs
to 〈G〉⊕n then N ∈ 〈G〉n. That is RdimPerf(A) 6 n. 
Example 4.11. Let k have characteristic p > 0 and let L/k be an inseparable field
extension of degree p. Then RdimPerf(L) = 0. On the other hand L⊗kL ≃ L[ǫ]/(ǫ
p) and
hence L /∈ Perf(Lop⊗L). Therefore the dg k-algebra L is not smooth and DdimPerf(L) =
∞.
4.5. Monotonicity. Assume that C is a dg algebra and let Perf(C) = 〈T, T ′〉 be a semi-
orthogonal decomposition. As explained in Remark 2.4 the categories T and T ′ have
canonical enhancements T and T ′ induced by the enhancement Perf(C) of Perf(C). By
Lemma 2.21 the dg categories T and T ′ are respectively quasi-equivalent to dg categories
Perf(A) and Perf(B) for certain dg algebras A and B (so that T ≃ Perf(A) and T ′ ≃
Perf(B)). In this context we have the following result.
Proposition 4.12. In the above notation DdimPerf(C) > DdimPerf(A),DdimPerf(B).
Proof. We may assume that DdimPerf(C) <∞.
By Lemma 2.21 and Proposition 4.3 we may assume that C is the triangular dg algebra
C =
(
B M
0 A
)
where A and B are dg algebras andM is a dg Bop⊗A-module. A (right) dg C-module can
be described as a row vector [Y,X ] where Y is a dg B-module and X is a dg A-module.
Let
eA =
(
0 0
0 1
)
and eB =
(
1 0
0 0
)
be the corresponding idempotents in C.
We have the obvious homomorphism of dg algebras
C → A,
(
b m
0 a
)
7→ a
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which induces the extension of scalars: a dg functor
ψA : Perf(C)→ Perf(A), M 7→ MeA, [Y,X ] 7→ X.
Similarly we get the dg functors
ψAop : Perf(C
op)→ Perf(Aop), N 7→ eAN
and
ψAop⊗A : Perf(C
op ⊗ C)→ Perf(Aop ⊗ A), S 7→ eASeA.
Clearly, for M ∈ Perf(C), N ∈ Perf(Cop) we have ψAop(N) ⊗ ψA(M) = ψAop⊗A(N ⊗
M). Also ψAop⊗A maps the diagonal dg bimodule C to the diagonal dg bimodule A. It
follows that DdimPerf(C) > DdimPerf(A). Similarly one proves that DdimPerf(C) >
DdimPerf(B). 
4.6. Behavior of Ddim in families. We have no results in this direction but expect,
like in the case of the Rouquier dimension (3.4), that the diagonal dimension is upper
semi-continuous in families.
4.7. Ddim for a category with a full exceptional collection. Diagonal dimension of
a triangulated category with a full exceptional collection is bounded by the length of the
collection. To be more precise, we have
Proposition 4.13. Suppose that A is a smooth dg algebra over a field k and assume that
Perf(A) has a full exceptional collection having the block structure
Perf(A) =
〈
E0,1, E1,1, . . . , En,1
. . .
E0,d0 , E1,d1 , . . . , En,dn
〉
.
Then
DdimPerf(A) 6 n.
Proof. For any object Eij consider the functor
φij = −⊠ Eij : Perf(A
op)→ Perf(Aop ⊗A).
It is fully faithful, denote its image by Bij . Then the subcategories Bij form a semi-
orthogonal decomposition
Perf(Aop ⊗ A) =
〈
B0,1, B1,1, . . . , Bn,1
. . .
B0,d0 , B1,d1 , . . . , Bn,dn
〉
.
Denote Bk := ⊕
dk
i=1Bki, then
Perf(Aop ⊗A) = 〈B0, . . . ,Bn〉.
Since A ∈ Perf(Aop ⊗ A) it follows that there exists a sequence
0 = Fn+1 → Fn → . . .→ F1 → F0 = A
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in Perf(Aop ⊗ A) such that Cone(Fk+1 → Fk) ∈ Bk for any k = 0, . . . , n. Suppose that
Cone(Fk+1 → Fk) = ⊕
dk
i=1Bki⊠Eki, then clearly A ∈ 〈(⊕k,iBki)⊠ (⊕kiEki)〉n. This proves
the statement. 
4.8. DdimDb(cohX) for a quasi-projective X. Recall (see Theorem 3.2(2),(4)) that
for a smooth quasi-projective k-scheme X we have the estimate
dimX 6 RdimDb(cohX) 6 2 dimX.
A similar estimate holds for the diagonal dimension.
Lemma 4.14. Let X be a smooth quasi-projective scheme over a perfect field k. Then
dimX 6 DdimDb(cohX) 6 2 dimX.
Proof. The first inequality follows from Theorem 3.2, (2) and Proposition 4.10. To prove
the second we remark that the product X × X is smooth of dimension 2 dimX . Note
that since X is quasi-projective, every coherent sheaf on X ×X is a quotient of a sheaf
M ⊠N for some locally free sheaves M and N on X . Therefore we can find a resolution
of the structure sheaf of the diagonal on X ×X
0→ K →M2 dimX ⊠N2 dimX → . . .→M0 ⊠N0 → O∆ → 0
The complex 0 → M2 dimX ⊠ N2 dimX → . . . → M0 ⊠ N0 → 0 defines an element in
Ext2 dimX+1(O∆, K). But this group is zero, since Ext
2 dimX+1(S, T ) = 0 for any coherent
sheaves S, T on the smooth variety X × X . It follows that O∆ is a direct summand of
the complex M2 dimX⊠N2 dimX → . . .→M0⊠N0. Therefore O∆ ∈ 〈M⊠N〉2 dimX , where
M = ⊕Mi and N = ⊕Ni. So DdimD
b(cohX) 6 2 dimX (see Section 4.1). 
In some special cases we have the equality DdimDb(cohX) = dimX . By Proposi-
tion 4.13, this equality holds for any projective variety X with a full exceptional collection
in Db(cohX) consisting of n = dimX blocks. For example, we have DdimDb(cohX) =
dimX for X being a projective space, a smooth quadric, a smooth del Pezzo surface or a
Fano threefold V5 or V22.
Moreover, let X be a smooth affine variety over a perfect field. Then DdimDb(cohX) =
dimX . This follows from the next
Proposition 4.15. Let A be a finite-dimensional or a commutative and essentially finitely
generated algebra over a perfect field k. Then DdimDb(mod-A) 6 gldimA.
Proof. Note that the algebra Aop⊗A is Noetherian. Denote n = gldimA. We demonstrate
that A ∈ 〈A⊗A〉n. Indeed, by [Ro08, Lemma 7.2] the projective dimension of the A
op⊗A-
module A is n. Since any finitely generated projective Aop⊗A-module is in 〈A⊗A〉0, the
statement follows. 
But in general, we expect that for most smooth and projective varieties X the diagonal
dimension is bigger than dimX . In particular we make the following
Conjecture 4.16. Let X be a smooth and projective irrational curve over k. Then
DdimDb(cohX) = 2.
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5. Serre dimension
Let k be a field. We keep the same notational conventions as in Section 4.
5.1. Definition of the Serre dimension for categories Perf(A). Recall the definition
of the Serre functor [BK89].
Definition 5.1. Let T be a k-linear triangulated category which is Ext-finite, i.e. for any
objects X, Y ∈ T ,
∑
i dimHomT (X, Y [i]) < ∞. An endofunctor S : T → T is the Serre
functor if for any X, Y ∈ T there is a functorial isomorphism of vector spaces
Hom(X, Y ) = Hom(Y, S(X))∗
where (−)∗ denotes the dual vector space.
The Serre functor, if it exists, is unique up to an isomorphism and is triangulated.
Theorem [BVdB03, Thm. 1.3] implies in particular that the Serre functor exists for
an Ext-finite triangulated category T which is Karoubian and has a strong generator.
Therefore the Serre functor exists for the category Perf(A) where A is a smooth and
compact dg algebra, or where A is a finite dimensional algebra which has finite global
dimension. By Proposition 2.19 the Serre functor is given by the following formula:
S(X) = X
L
⊗A A
∗
where A∗ := Homk(A, k) ∈ Perf(A
op ⊗A). We denote the m-fold tensor product
A∗
L
⊗A . . .
L
⊗A A
∗
by (A∗)⊗
L
Am.
Given a triangulated category T and an endofunctor F : T → T one can define the
upper and lower F -dimension of T , denoted F - dimT and F - dimT . This is done in
Section 6 below. In particular one can define the upper and lower Serre dimension of
a category that has a Serre functor. Here we only specialize to the case when T has a
generator.
Definition 5.2. For two objects G1, G2 in a triangulated category we denote
e−(G1, G2) = min{i | Hom
i(G1, G2) 6= 0}; e+(G1, G2) = max{i | Hom
i(G1, G2) 6= 0}.
If Hom•(G1, G2) = 0 we put e−(G1, G2) = +∞, e+(G1, G2) = −∞. Also for a complex
C• we define
inf C• = min{i | H i(C•) 6= 0}, supC• = max{i | H i(C•) 6= 0}.
Definition 5.3. Let T be a k-linear Ext-finite triangulated category with a Serre functor
S : T → T . Assume that T has a generator. Choose any generators G,G′ of T and define
the upper Serre and the lower Serre dimension of T as follows
SdimT = lim sup
m→+∞
−e−(G, S
m(G′))
m
, Sdim T = lim inf
m→+∞
−e+(G, S
m(G′))
m
.
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The fact that the numbers SdimT and SdimT are well defined (i.e. don’t depend on
the choice of generators) follows from Lemma 6.3 and Definition 6.4. It is clear that
equivalent triangulated categories have equal upper Serre and lower Serre dimensions.
Remark 5.4. In Definition 5.3, if T is a non-zero category then for any G,G′ and m we
get Hom•(G, Sm(G′)) 6= 0. Consequently, e− 6 e+ are finite numbers and one has
SdimT 6 SdimT.
For T = 0 Definition 5.3 gives Sdim T = +∞, SdimT = −∞, this does not look fine.
Further when dealing with the Serre dimension we will always assume that the category
is non-zero.
In case A is a smooth and compact dg k-algebra and T = Perf(A), one can replace
lim sup and lim inf in the above definition by lim.
Proposition 5.5. Let A be a smooth and compact dg algebra over k. Choose any gener-
ators G,G′ of Perf(A). Then
SdimPerf(A) = lim
m→+∞
−e−(G, S
m(G′))
m
, SdimPerf(A) = lim
m→+∞
−e+(G, S
m(G′))
m
.
In particular, if we put G = G′ = A the above formulas read as follows
(5.1) SdimPerf(A) = lim
m→+∞
− inf(A∗)⊗
L
Am
m
, SdimPerf(A) = lim
m→+∞
− sup(A∗)⊗
L
Am
m
.
Moreover these limits are finite.
Proof. This follows immediately from Propositions 6.13 and 6.8. 
Lemma 5.6. Suppose that X is a smooth projective equidimensional variety over k. Then
SdimDb(cohX) = SdimDb(cohX) = dimX.
Proof. Let n = dimX . Recall that the Serre functor on Db(cohX) is isomorphic to
(−)⊗ωX [n]. Recall also that for any coherent sheaves F1, F2 onX we have Ext
i(F1, F2) = 0
if i /∈ [0, n]. Choose a coherent sheaf G such that G is a generator of Db(cohX). Then
we have
−e−(G, S
m(G)) = −e−(G,G⊗ ω
⊗m
X [mn]) 6 mn
and
−e+(G, S
m(G)) = −e+(G,G⊗ ω
⊗m
X [mn]) > mn− n.
Since −e−(G, S
m(G)) > −e+(G, S
m(G)) it follows from Proposition 5.5 that
SdimDb(cohX) = SdimDb(cohX) = n.

There exist examples of categories with negative Serre dimension.
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Example 5.7. Let A = k〈ε〉 be the algebra of dual numbers. Consider it as a dg algebra
with zero differential and deg ε = w ∈ Z. The category Perf(A) has the Serre functor
S(−) = (−)
L
⊗A A
∗, where A∗ = Homk(A, k) ≃ A[w]. Thus the Serre functor is isomorphic
to the shift [w]. So SdimPerf(A) = SdimPerf(A) = w; it is negative if w < 0.
Note that the dg algebra A in Example 5.7 is compact but not smooth.
The next example provides a smooth and compact dg algebra with negative lower Serre
dimension. It was communicated to us by D.Orlov.
Example 5.8 (See [El]). Consider the triangulated category T generated by an excep-
tional pair E1, E2. Let V be the graded space Hom
•(E1, E2), suppose V is finite dimen-
sional. Alternatively, consider the quiver with two vertices and n = dim V arrows going
in one direction. Put gradings on arrows and consider the corresponding graded path
algebra A = ke1 ⊕ ke2 ⊕ V with zero differential. Then T ≃ Perf(A). Such A is smooth
and compact. Suppose that n > 2, then we have RdimT = DdimT = 1. Denote by
w = supV − inf V the difference between the degrees of the maximal and the minimal
nonzero graded components of V . Then
Sdim T = 1− w, SdimT = 1 + w.
In particular, SdimT can be negative.
We expect that categories Perf(A) for smooth and compact dg algebras A have non-
negative upper Serre dimension. We don’t know if the Serre dimension can be irrational.
Conjecture 5.9. Let A be a smooth and compact dg algebra. Then the Serre dimensions
SdimPerf(A) and SdimPerf(A)
are rational. Moreover, SdimPerf(A) is nonnegative.
Remark 5.10. Let A be a finite dimensional algebra of finite global dimension, then
SdimPerf(A) > 0. Indeed, replacing the Serre bimodule A∗ by its projective resolution
P • we see that for any m the complex (A∗)⊗
L
A
m = (P •)⊗Am lives in non-positive degrees.
5.2. Sdim = 0 and Sdim = 0. For the lower Serre dimension, there are some nontrivial
categories with dimension zero.
Example 5.11 (See [El]). Consider the quiver
0•
x
// •1
y
// •2
z
jj
with relations zy = xz = 0. Denote the corresponding path algebra with relations by A
(the field is arbitrary). Then A is a finite-dimensional algebra with gldimA = 3. One has
sup(A∗)⊗
L
A
n = 0 for any n > 0, therefore SdimPerf(A) = 0.
For the upper Serre dimension we have the following conjecture.
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Conjecture 5.12. Let A be a finite dimensional algebra. Assume that A has finite global
dimension. Then SdimPerf(A) = 0 if and only if gldimA = 0.
Of course the “if” direction of the conjecture is easy. If fact it is a special case of the
following general result.
Proposition 5.13. Let A be a finite dimensional algebra which has finite global dimen-
sion d. Then SdimPerf(A) 6 d.
Proof. Consider the Serre bimodule A∗. It suffices to show that it has a resolution
0→ Pd → . . .→ P0 → A
∗
by A-bimodules such that each Pi is projective as a right A-module. Indeed, then
(A∗)⊗
L
A
m = (P•)
⊗Am and clearly − inf(P⊗m• ) 6 md. To construct a resolution P• as
above one may start by taking P0 = A
∗ ⊗k A with the obvious surjection of bimodules
P0 → A
∗ and apply the same procedure to its kernel instead of A∗. After d steps one
obtains as a kernel a bimodule Pd which is projective as a right A-module. 
5.3. Monotonicity. Monotonicity for Serre dimension does not hold as the following
examples demonstrate.
Example 5.14. Let A be the algebra from Example 5.11 and A = Perf(A). Let P0 and
P1 be the projective modules corresponding to vertices 0 and 1. Then (P0, P1) is a strong
exceptional collection in A. Hence the subcategory B = 〈P0, P1〉 is admissible in A, it is
equivalent to Perf(B) where B = End(P0 ⊕ P1) is the path algebra of the quiver • → •
of type A2. By Example 7.2, one has
SdimB = 1/3 > 0 = SdimA.
We have learned about the next example from D.Orlov.
Example 5.15. Let X = F3 be the Hirzebruch surface. We claim that the category
Db(cohX) has an admissible subcategory B equivalent to a category from Example 5.8
with w = 2. Then
SdimB = 3 > 2 = SdimDb(cohX),
where the last equality is by Lemma 5.6.
Let F ⊂ X be a fiber and S ⊂ X be the (−3)-curve. Consider the exceptional collection
of line bundles
(OX(−F ),OX ,OX(S))
on X . Let E be the right mutation ROX(S)(OX). Then the pair (OX(−F ), E) is ex-
ceptional and Homi(OX(−F ), E) 6= 0 for i = −1, 0, 1. Consequently in notation of
Example 5.8 one has w = 2. Therefore Sdim〈OX(−F ), E〉 = 3.
One might expect that monotonicity of Serre dimension holds for categories such that
Sdim = Sdim. But, to our knowledge, even the following special case is an open problem:
given smooth projective varieties X and Y such that Db(cohX) is a semi-orthogonal
component of Db(cohY ), show that dimX 6 dim Y .
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5.4. Additivity. The additivity holds for the Serre dimension. Recall that if A and B
are smooth and compact dg algebras then so is A⊗ B (Lemma 2.17).
Proposition 5.16. Let A and B be smooth and compact dg algebras. Put C = A ⊗ B.
Then
SdimPerf(C) = SdimPerf(A) + SdimPerf(B)
and
SdimPerf(C) = SdimPerf(A) + SdimPerf(B).
Proof. Put C = A⊗ B. Everything follows from the quasi-isomorphism of complexes for
any m > 1.
(C∗)⊗
L
Cm ≃ (A∗)⊗
L
Am ⊗ (B∗)⊗
L
Bm.

5.5. Behavior in families. Here we prove the following result. Recall that a function
f : X → R on a topological space X is called upper (resp. lower) semi-continuous if for
any c ∈ R the subset f−1([c,+∞)) (resp. f−1([−∞, c))) is closed in X .
Theorem 5.17. Let R be a commutative Noetherian ring and let A be an R-h-projective
smooth and compact dg R-algebra. For a point x ∈ SpecR denote by Ax the smooth and
compact dg k(x)-algebra A⊗R k(x).
(a) Then for any c ∈ R the subsets
(5.2) {x ∈ SpecR | SdimPerf(Ax) > c} and {x ∈ SpecR | SdimPerf(Ax) 6 c}
are closed under specialization in SpecR.
(b) Assume in addition that A is concentrated in degree zero, i.e. A is an R-algebra,
and assume that A is a projective (finitely generated) R-module. Then the subsets
(5.2) are closed in Zariski topology. That is, Sdim and Sdim are respectively upper
and lower semi-continuous functions on SpecR.
We expect that the subsets (5.2) are closed for all R-h-projective smooth and compact
dg R-algebras.
The proof of Theorem 5.17 will take several steps.
Lemma 5.18. Let B be a local Noetherian ring with the residue field k and let Q−1
d−1
→
Q0
d0
→ Q1 be a complex of finitely generated free B-modules. Then H0(Q• ⊗B k) = 0 if
and only if the following two conditions hold:
(1) The B-modules Im(d−1) and Im(d0) are free;
(2) rk(d−1 ⊗B k) > rkQ
0 − rk(Im(d0)).
(In fact, conditions (1) and (2) imply that in (2) one has an equality.)
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Proof. Assume that H0(Q•⊗B k) = 0. Then by [Li05, Lemma 2.1.3] there is a submodule
K ⊂ Q0 which maps isomorphically by d0 onto Im(d0) and such that Q0 = Im(d−1)⊕K.
This implies (1) and (2).
Vice versa, assume that (1) and (2) hold. Since Im(d0) is free, there exists a submodule
K ⊂ Q0 which maps isomorphically by d0 onto Im(d0), i.e.
(5.3) Q0 = Ker(d0)⊕K.
It suffices to prove that Im(d−1) = Ker(d0). But this follows from the inclusion Im(d−1) ⊂
Ker(d0) together with (5.3), the assumption (2) and the Nakayama lemma. (Note that
this implies that the inequality in (2) is actually an equality). 
Proposition 5.19. Let R be a commutative Noetherian ring and let P • be a perfect R-
complex. We identify P • with a complex of quasi-coherent sheaves on SpecR. Then for
any i the subset
{x ∈ SpecR | H i(P •
L
⊗R k(x)) = 0}
is open in SpecR. In particular the functions
sup(P •
L
⊗R k(x)) and inf(P
•
L
⊗R k(x))
are upper and lower continuous on SpecR.
Proof. The second assertion follows from the first one.
To prove the first assertion we may replace P • by a quasi-isomorphic strict perfect
complex. We may assume that i = 0 and that P • is the complex P−1
d−1
→ P 0
d0
→ P 1 of
finitely generated free R-modules. Consider the R-modules Im(d−1) and Im(d0).
For a point x ∈ SpecR and an R-module M denote by Mx its stalk at x, it is a module
over the local ring Rx. We have H
0(P • ⊗R k(x)) = H
0(P •x ⊗Rx k(x)). Therefore we may
apply Lemma 5.18 to conclude that H0(P • ⊗R k(x)) = 0 if and only if
(1) Im(d−1)x and Im(d
0)x are free Rx-modules and
(2) rk(d−1 ⊗R k(x)) > rkP
0
x − rk(Im(d
0)x).
The condition (1) is open in SpecR by [Ha77, Ch. II, Exercise 5.7 (a)]. Then the open
subset of SpecR where (1) holds is a disjoint union of open subsets where the ranks of
the locally free coherent sheaves P 0, Im(d−1), and Im(d0) are constant. It suffices to
show that the condition (2) is open in any of these open subsets. This follows from the
observation that the subset
{x ∈ SpecR | rk(d−1 ⊗R k(x)) > a}
is open for any a, since it is given by nonvanishing of some minors of a matrix with entries
in R. 
We can now prove Theorem 5.17.
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Proof. (a) By Proposition 2.19 the Serre bimodule
A∗ := HomR(A,R)
is perfect as a dg Aop⊗R A-module, dg A-module or an R-complex. Similarly (A
∗)
L
⊗Am is
a perfect R-complex.
By Proposition 2.19 for any point x ∈ SpecR we have
A∗
L
⊗R k(x) = A
∗
x := Homk(x)(Ax, k(x))
which is the Serre bimodule for Ax. Also note that by Lemma 2.12(4)
((A∗)
L
⊗Am)
L
⊗R k(x) ≃ (A
∗
x)
L
⊗Axm
for any x ∈ SpecR and m > 0. Since the R-complex (A∗)
L
⊗Am is perfect, it follows from
Proposition 5.19 that if x, y ∈ SpecR and x ∈ {y}, then H i((A∗y)
⊗Aym) 6= 0 implies
that H i((A∗x)
⊗Axm) 6= 0. Hence, inf(A∗y)
⊗Aym > inf(A∗x)
⊗Axm. Passing to limits, we get
SdimPerf(Ay) 6 SdimPerf(Ax). Similarly, SdimPerf(Ay) > SdimPerf(Ax). This proves
the first assertion of the theorem.
(b) Now assume that A is in addition concentrated in degree zero and is a finitely
generated projective R-module. We first prove that the function SdimPerf(Ax) is lower
semi-continuous on SpecR.
Choose a projective resolution P • → A∗ of the Aop ⊗R A-module A
∗ = HomR(A,R).
Then P • also consists of projective right A-modules and
(A∗)⊗
L
A
n = (P •)⊗An
is a perfect R-complex. By Proposition 2.19 for each x ∈ SpecR we have (Ax)
∗ =
(A∗)⊗R k(x) and
((Ax)
∗)⊗
L
Ax
n = (P •)⊗An ⊗R k(x)
Recall (Proposition 5.5) that
SdimPerf(Ax) = lim
n→∞
− sup((Ax)
∗)⊗
L
Ax
n
n
.
Fix c ∈ R. We claim that
{x ∈ SpecR | SdimPerf(Ax) > c} =
⋃
m∈Z,n∈N : m
n
>c
{x ∈ SpecR | sup((Ax)
∗)⊗
L
Ax
n 6 −m}.
Indeed, suppose for some x, SdimPerf(Ax) > c. Then
− sup((Ax)
∗)⊗
L
Ax
n
n
=
m
n
> c
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for some m,n. Vice versa, suppose for some n0, m0 we have sup((Ax)
∗)⊗
L
Ax
n0 6 −m0 and
m0/n0 > c. It follows that for any l > 0 we have
sup((Ax)
∗)⊗
L
Ax
ln0 6 −lm0
(because A is concentrated in degree zero!) and so
− sup((Ax)
∗)⊗
L
Ax
ln0
ln0
>
m0
n0
.
Passing to the limit as l →∞ we find that SdimPerf(Ax) >
m0
n0
> c.
Now we apply Proposition 5.19 to the perfect R-complex (P •)⊗An and conclude that
for all m,n the subset
{x ∈ SpecR | sup((Ax)
∗)⊗
L
Ax
n 6 −m}
is open in SpecR. Therefore also the subset {x ∈ SpecR | SdimPerf(Ax) > c} is open
for all c. So the function SdimPerf(Ax) is lower semi-continuous.
To prove that the function SdimPerf(Ax) is upper semi-continuous on SpecR we need
to use some results of Section 6 where we consider the upper and lower dimension of
a triangulated category T with respect to an endofunctor F . These are denoted by
F - dimT and F - dimT . If T = Perf(A) and F = S is the Serre endofunctor then
S - dimT = SdimT and S - dimT = SdimT .
Consider the inverse Serre functor S−1 : Perf(A)→ Perf(A). By Lemma 2.18 we have
S−1(−) = (−)
L
⊗A A
!
where A! := RHomA(A
∗, A), it is a perfect R-complex (Lemma 2.12). Also for any
x ∈ SpecR there is an isomorphism of dg Aopx ⊗k(x) Ax-modules
A!
L
⊗R k(x) = A
!
x
and the functor (−)
L
⊗A A
!
x is the inverse S
−1
x of the Serre functor Sx : Perf(Ax) →
Perf(Ax) (Lemma 2.18). Now the same argument as above for the lower Serre dimension
SdimPerf(Ax) = Sx - dimPerf(Ax) shows that the function S
−1
x - dimPerf(Ax) is lower
semi-continuous on SpecR. By Corollary 6.7 we know that
S−1x - dimPerf(Ax) = −(Sx - dimPerf(Ax)).
Hence the function Sx - dimPerf(Ax) = SdimPerf(Ax) is upper semi-continuous. This
completes the proof of Theorem 5.17. 
6. Dimension of a category with respect to an endofunctor
6.1. Upper and lower dimension of a category with respect to an endofunctor.
Recall Definition 5.2: for objects G1, G2 of a triangulated category T we denote
e−(G1, G2) = min{i | Hom
i(G1, G2) 6= 0}, e+(G1, G2) = max{i | Hom
i(G1, G2) 6= 0}.
30 ALEXEY ELAGIN AND VALERY A. LUNTS
Definition 6.1. Let T be a triangulated category with a triangulated endofunctor F : T →
T . For any G1, G2 ∈ T put
F - dim(T,G1, G2) = lim sup
m→+∞
−e−(G1, F
m(G2))
m
, F - dim(T,G1, G2) = lim inf
m→+∞
−e+(G1, F
m(G2))
m
.
Thus F - dim(T,G1, G2), F - dim(T,G1, G2) ∈ R ∪ {±∞}.
The following lemma is straightforward.
Lemma 6.2. Take the assumptions of Definition 6.1.
(1) We have
F - dim(T,G,G′) = F - dim(T,G[d1], G
′[d2]) and
F - dim(T,G,G′) = F - dim(T,G[d1], G
′[d2])
for any d1, d2 ∈ Z.
(2) Let G1 → G2 → G3 → G1[1] be a distinguished triangle in T . Then for any G ∈ T
F - dim(T,G,G2) 6 max{F - dim(T,G,G1), F - dim(T,G,G3)}
F - dim(T,G,G2) > min{F - dim(T,G,G1), F - dim(T,G,G3)}
and similarly
F - dim(T,G2, G) 6 max{F - dim(T,G1, G), F - dim(T,G3, G)}
F - dim(T,G2, G) > min{F - dim(T,G1, G), F - dim(T,G3, G)}.
Lemma 6.3. Suppose T has a generator. Then for any generators G,G′ and any objects
G1, G2 one has
F - dim(T,G1, G2) 6 F - dim(T,G,G
′),
F - dim(T,G1, G2) > F - dim(T,G,G
′).
Proof. We will only prove the first inequality. The proof of the second one is similar.
We first prove F - dim(T,G1, G
′) 6 F - dim(T,G,G′) for fixed G,G′ and arbitrary G1.
Let G1 ∈ 〈G〉n. We may assume that G1 ∈ [G]n and will argue by induction in n. Let
n = 0, that is G1 is isomorphic to a finite sum ⊕G[di]. Then we may assume that
G1 = G[d] and then F - dim(T,G1, G
′) = F - dim(T,G,G′) by Lemma 6.2.
For the induction step, choose a triangle G′1 → G1 → G
′′
1 → G
′
1[1] where G1 ∈ [G]n,
G′1 ∈ [G]0,G
′′
1 ∈ [G]n−1. By induction hypothesis, F - dim(T,G
′
1, G
′) 6 F - dim(T,G,G′)
and F - dim(T,G′′1, G
′) 6 F - dim(T,G,G′). Hence also F - dim(T,G1, G
′) 6 F - dim(T,G,G′)
by Lemma 6.2.
Similarly one checks that F - dim(T,G1, G2) 6 F - dim(T,G1, G
′) by fixing G1, G
′ and
varying G2. 
Definition 6.4. Let T be a triangulated category with a generator. Let F : T → T be a
triangulated functor. We define the upper and lower F -dimension of T as
F - dimT := F - dim(T,G,G′), F - dimT := F - dim(T,G,G′),
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where G,G′ are some generators of T .
By Lemma 6.3, the quantities F - dimT and F - dimT are well defined: F -dimension
does not depend on the choice of generators.
Lemma 6.5. Let T be a triangulated category with a generator. Let F : T → T be a
triangulated functor, suppose that F is not nilpotent. Then
F - dimT 6 F - dimT.
Proof. Indeed, let G ∈ T be a generator. Then for any m we have Hom•(G,Fm(G)) 6= 0.
Consequently, e−(G,F
m(G)) 6 e+(G,F
m(G)). The statement now follows by passing to
the limits. 
Proposition 6.6. Suppose that T is a k-linear Ext-finite triangulated category with a
generator. Suppose also that T has a Serre functor S. Let F : T → T be a triangulated
functor. Then for any generators G,G′ ∈ T one has
F - dimT = lim inf
m→+∞
e−(F
m(G′), G)
m
.
Proof. Clearly, for any objects G1, G2 ∈ T one has
e−(G1, G2) = −e+(G2, S(G1)).
Therefore one has
lim inf
m→+∞
e−(F
m(G′), G)
m
= lim inf
m→+∞
−e+(G, S(F
m(G′)))
m
=
= lim inf
m→+∞
−e+(S
−1(G), Fm(G′))
m
= F - dimT,
because S−1(G) is also a generator in T . 
Proposition 6.7. Suppose that T is a k-linear Ext-finite triangulated category with a gen-
erator. Suppose also that T has a Serre functor S. Let F : T → T be an autoequivalence.
Then
F - dimT = −(F−1) - dimT.
Proof. Indeed, let G,G′ ∈ T be generators. Then by Proposition 6.6 we have
F - dimT = lim inf
m→+∞
e−(F
m(G′), G)
m
= lim inf
m→+∞
e−(G
′, F−m(G))
m
=
= − lim sup
m→+∞
−e−(G
′, F−m(G))
m
= −(F−1) - dimT.

Finally, for the category Perf(A) where A is a compact dg algebra we demonstrate that
the F -dimension is finite provided that F is not nilpotent.
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Proposition 6.8. Suppose A is a compact dg algebra and T = Perf(A). Suppose the
functor F : T → T is given by F (−) = (−)
L
⊗A K for some K ∈ Perf(A
op ⊗A), and F is
not nilpotent. Then the upper and the lower F -dimensions of T are finite.
Proof. We can take G = G′ = A, then
F - dimT = lim sup
N→∞
−e−(A, F
N(A))
N
, F - dimT = lim inf
N→∞
−e+(A, F
N(A))
N
.
Since F is not nilpotent, the numbers e−(A, F
N(A)) and e+(A, F
N(A)) are finite for
any N . Note that e−(A, F
N(A)) = infK⊗
L
A
N and e+(A, F
N(A)) = supK⊗
L
A
N . It remains
to apply Lemma 6.9 below. 
Lemma 6.9. Let A be a compact dg algebra and let K be a perfect dg Aop ⊗ A-module.
Consider | supK⊗
L
AN | and | infK⊗
L
AN | as functions of N . Then they are bounded by a
linear function.
Proof. For some Aop ⊗ A-bimodule K ′ we have K ⊕ K ′ ∈ [A ⊗ A]. It suffices to prove
the statement for K ⊕K ′. So we will assume that K ∈ [A ⊗ A] and thus K has a finite
filtration by dg (Aop⊗A)-submodules with associated graded isomorphic to a finite direct
sum grK ≃ ⊕(A⊗A[di]). Then K
⊗L
A
N has a similar filtration with the associated graded
isomorphic to (grK)⊗
L
AN . So we may replace K by grK:
K = ⊕ni=1(A⊗A[di]).
We have
K⊗
L
A
N =
n⊕
i1,...,iN=1
A⊗ A⊗ . . .⊗ A[di1 + . . .+ diN ] =
n⊕
i1,...,iN=1
A⊗(N+1)[di1 + . . .+ diN ].
Hence
supK⊗
L
AN = (N + 1) supA−N(min di) and infK
⊗LAN = (N + 1) inf A−N(max di).

6.2. F -dimension and entropy. For the rest of this section we fix a field k and follow
the same assumptions as in Section 4. In particular all our categories will be k-linear.
We will use results of [DHKK13] on the entropy of an endofunctor. For our applications
we only need to consider the case when the category T is equivalent to Perf(A) for a
smooth and compact (k-) dg algebra A. Moreover we will only consider endofunctors
F : Perf(A)→ Perf(A) of the form
F (−) = (−)
L
⊗A K
for a dg A-bimodule K. We will call such endofunctors tensor endofunctors.
In [DHKK13] the authors define the entropy of a triangulated endofunctor F on a
triangulated category T as a certain function ht(F ) : R → R ∪ {−∞}. For T = Perf(A)
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where A is a smooth and compact dg algebra and for a tensor endofunctor F : Perf(A)→
Perf(A) their definition is equivalent to the following.
Definition 6.10 ([DHKK13, Definition 2.4, Theorem 2.6]). The entropy ht(F ) of an
endofunctor F : T → T on a k-linear Ext-finite triangulated category with a generator is
defined as
(6.1) ht(F ) = lim
N→∞
1
N
ln
∑
n
dimHomn(G,FN(G))e−nt,
where G is a (arbitrary) generator of T . For a nilpotent functor F the formula (6.1)
should read as ht(F ) = −∞ for all t ∈ R.
Theorem 6.11 (See [DHKK13, Lemma 2.5, Theorem 2.6]). Let T = Perf(A) where A is
a smooth and compact dg algebra. Let F : T → T be a tensor endofunctor. Let G ∈ T be
a generator. For any t ∈ R, the limit (6.1) exists in [−∞,+∞) and does not depend on
G. Moreover, for any generators G,G′ ∈ T one has
ht(F ) = lim
N→∞
1
N
ln
∑
n
dimHomn(G,FN(G′))e−nt.
Given a tensor autoequivalence F : Perf(A) → Perf(A) for a smooth and compact dg
algebra A, one can recover the upper and the lower F -dimension of Perf(A) from the
entropy function ht(F ), see Proposition 6.13 below.
Lemma 6.12. Let A be a smooth and compact dg algebra and let F : Perf(A)→ Perf(A)
be a tensor endofunctor. Then for any generators G,G′ ∈ T there exists c > 0 such that
for any N > 0 ∑
n
dimHomn(G,FN(G′)) 6 cN .
Proof. Entropy h0(F ) is the limit
lim
N→∞
1
N
ln
∑
n
dimHomn(G,FN(G′)),
which is finite (or−∞) by Theorem 6.11. Hence the sequence 1
N
ln
∑
n dimHom
n(G,FN(G′))
is bounded above, say by a number d. Take c = ed. 
Proposition 6.13. Let A be a smooth and compact dg algebra and let F : Perf(A) →
Perf(A) be a tensor endofunctor. Then for any generators G,G′ ∈ Perf(A) one has
F - dimPerf(A) = lim
N→∞
−e−(G,F
N(G′))
N
= lim
t→+∞
ht(F )/t,
F - dimPerf(A) = lim
N→∞
−e+(G,F
N(G′))
N
= lim
t→−∞
ht(F )/t.
Moreover, if F is not nilpotent, then these limits are finite.
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Proof. Let us prove the equalities in the first row. The equalities in the second row can
be proved similarly.
One has for t > 0
−e−(G,F
N(G′))
N
· t 6
1
N
ln
∑
n
dimHomn(G,FN(G′))e−nt 6
6
1
N
ln
∑
n
dimHomn(G,FN(G′))e−e−(G,F
N (G′))·t =
=
1
N
(−e−(G,F
N(G′) · t) +
1
N
ln
∑
n
dimHomn(G,FN(G′))) 6
6
−e−(G,F
N(G′))
N
· t +
1
N
ln cN =
−e−(G,F
N(G′))
N
· t + ln c.
The last inequality here is by Lemma 6.12. It follows that for any t > 0
lim sup
N→+∞
−e−(G,F
N(G′))
N
6
1
t
lim sup
N→+∞
1
N
ln
∑
n
dimHomn(G,FN(G′))e−nt = ht(F )/t
and
lim inf
N→+∞
−e−(G,F
N(G′))
N
> −
ln c
t
+
1
t
lim inf
N→+∞
1
N
ln
∑
n
dimHomn(G,FN(G′))e−nt = −
ln c
t
+ht(F )/t.
Since t > 0 is arbitrary it follows that the limits limN→+∞
−e−(G,FN (G′))
N
and limt→+∞ ht(F )/t
exist and are equal. They are also equal to F - dimPerf(A) by Definitions 6.1 and 6.4.
The assertion about finiteness follows from Proposition 6.8. 
As a byproduct of our methods we also obtain the following result.
Proposition 6.14. Let A be a smooth and compact dg algebra. Let F : Perf(A) →
Perf(A) be a tensor endofunctor. Assume that F - dimPerf(A) = F - dimPerf(A) (in
particular, F is not nilpotent). Then one has
ht(F ) = h0(F ) + (F - dimPerf(A)) · t.
Proof. Choose a generator G of Perf(A). For t > 0 one has
1
N
ln
∑
n
dimHomn(G,FN(G))e−nt 6
1
N
ln
∑
n
dimHomn(G,FN(G))e−e−(G,F
N (G))·t =
=
−e−(G,F
N(G))
N
· t+
1
N
ln
∑
n
dimHomn(G,FN(G)).
Passing to limits as N →∞, we get
ht(F ) 6 (F - dimPerf(A)) · t + h0(F ).
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Similarly we get that
ht(F ) > (F - dimPerf(A)) · t + h0(F ).
As F - dimPerf(A) = F - dimPerf(A), the statement follows. For t < 0 the proof is
analogous. 
The following theorem is a generalization of Theorem 5.17 for the upper and lower
dimension of a category with respect to an endofunctor. The proof is exactly the same
and we omit it.
Theorem 6.15. Let R be a commutative Noetherian ring and let A be an R-h-projective
smooth and compact dg R-algebra. Let K ∈ Perf(Aop⊗RA) and consider the corresponding
functor
ΦK : Perf(A)→ Perf(A).
For a point x ∈ SpecR denote by Ax the smooth and compact dg k(x)-algebra A⊗R k(x)
and consider the object Kx := K
L
⊗R k(x) ∈ D(A
op
x ⊗ Ax) with the induced functor
ΦKx : Perf(Ax)→ Perf(Ax).
(a) Then for any c ∈ R the subsets
{x ∈ SpecR | ΦKx - dimPerf(Ax) > c} and(6.2)
{x ∈ SpecR | ΦKx - dimPerf(Ax) 6 c}(6.3)
are closed under specialization in SpecR.
(b) Assume in addition that A is concentrated in degree zero, i.e. A is an R-algebra,
and assume that A is a projective finitely generated R-module. Then the subset
(6.3) is closed in Zariski topology. That is ΦKx - dimPerf(Ax) is a lower semi-
continuous function on SpecR. If moreover ΦK is an autoequivalence of Perf(A),
then also the subset (6.2) is closed, i.e. ΦKx - dimPerf(Ax) is an upper semi-
continuous function on SpecR.
7. Comparison of the three dimensions
It would be interesting to compare the different notions of dimension. The Rouquier
and diagonal dimensions are of similar nature, which allows one to compare them easily.
In fact we know that RdimPerf(A) 6 DdimPerf(A) (Proposition 4.10). But we do not
have a systematic procedure of comparing the Serre dimension with the other two. In [El]
the Serre and the Rouquier dimension are computed for many interesting examples. Here
we present some of the results.
Example 7.1 (See [El]). Let Γ be a nontrivial connected quiver without oriented cycles
and kΓ be its path algebra over field k. Then we have the following
• RdimPerf(kΓ) = 0 if Γ is a Dynkin quiver of types A,D,E; RdimPerf(kΓ) = 1
otherwise.
• DdimPerf(kΓ) = 1.
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• 0 < SdimPerf(kΓ) = SdimPerf(kΓ) < 1 if Γ is a Dynkin quiver of types A,D,E;
SdimPerf(kΓ) = SdimPerf(kΓ) = 1 otherwise.
Example 7.2 (See [El]). Let B2 be the path algebra of the quiver • → • of type A2 over
some field k, and B3 be the path algebra of the quiver • → • → • of type A3. Denote
Bn2 = B2 ⊗ B2 ⊗ . . .⊗B2 = B
⊗n
2 and B
n
3 = B
⊗n
3 . Then one has the following
Algebra B2 B
2
2 B
3
2 B
4
2 B
5
2 B
6
2 B
2k
2 B
3k
2
Sdim, Sdim 1/3 2/3 1 4/3 5/3 2 2k/3 k
Rdim 0 0 1 1 2 6 k − 1 > k
Ddim 1 1 6 k > k
Algebra B3 B
2
3 B
3
3 B
4
3 B
3k
3 B
3k+1
3 B
2k
3
Sdim, Sdim 1/2 1 3/2 2 3k
2
3k+1
2
k
Rdim 0 1 1 2 6 2k − 1 6 2k > k
Ddim 1 6 2k 6 2k + 1 > k
We remark that in all the above examples one has
Rdim 6 Sdim = Sdim 6 Ddim .
We make the following.
Conjecture 7.3. Let A be a smooth and compact dg algebra over a field. Suppose
SdimPerf(A) = SdimPerf(A). Then
(7.1) RdimPerf(A) 6 SdimPerf(A) = SdimPerf(A) 6 DdimPerf(A).
In general, if SdimPerf(A) < SdimPerf(A), inequalities (7.1) can fail. For instance, in
Example 5.11 one has 1 = Rdim > Sdim = 0 and 3 = Sdim > 2 > Ddim. In Example 5.8
we have 1 = Rdim > Sdim = 1− w and 1 + w = Sdim > 1 = Ddim as soon as w > 0.
Nevertheless, we do not know of an example where Rdim > Sdim or Ddim < Sdim.
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